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We propose to manipulate the statistic properties of the photons transport nonreciprocally via
quadratic optomechanical coupling. We present a scheme to generate quadratic optomechanical in-
teractions in the normal optical modes of a whispering-gallery-mode (WGM) optomechanical system
by eliminating the linear optomechanical couplings via anticrossing of different modes. By optically
pumping the WGM optomechanical system in one direction, the effective quadratic optomechanical
coupling in that direction will be enhanced significantly, and nonreciprocal photon blockade will
be observed consequently. Our proposal has potential applications for the on-chip nonreciprocal
single-photon devices.
I. INTRODUCTION
Nonreciprocal devices [1], such as isolators and cir-
culators, have drawn an immense amount of interest in
the past few years, for their irreplaceable role in signal
processing and communication. One of the key parame-
ters for nonreciprocal devices is the isolation, and almost
all the studies on nonreciprocity focus on the transmis-
sion properties of the nonreciprocal devices. However,
whether the statistic properties of the transmitted pho-
tons have been changed and how to manipulate the statis-
tic properties of the transmitted photons in nonreciprocal
devices are rarely discussed.
Recently, the statistic properties of the transmitted
photons in rotating nonlinear devices were discussed the-
oretically [2], and a quantum effect called nonrecipro-
cal photon blockade was predicted, that photon blockade
can emerge when the resonator is driven in one direction
but not the other. Physically, the nonreciprocal pho-
ton blockade is induced by the Fizeau-Sagnac drag [3–
5], which leads to a split of the resonance frequencies of
the counter-circulating modes. Similarly, nonreciprocal
transport [6, 7] and localization [8] of photons have been
demonstrated based on the Doppler shift in moving pho-
tonic lattice made. In contrast to the classical nonrecip-
rocal behaviors, purely quantum effects in nonreciprocal
devices were proposed in reference [2], which opens up
the prospect of exploring nonreciprocal quantum effects,
such as nonreciprocal single-photon blockades, nonrecip-
rocal two-photon blockades, and nonreciprocal photon-
induced tunneling.
∗ davidxu0816@163.com
† aixichen@ecjtu.edu.cn
An optomechanical system, that resonance frequency
of a cavity mode depends on the position a mechanical
mode via radiation pressure or optical gradient forces,
provides us an appropriate platform to manipulate pho-
tons (for reviews, see Refs. [9–14]). Lately, several the-
oretical [15–25] and experimental [26–36] works have
demonstrated that optomechanical interaction can lead
to nonreciprocal transport of photons. One of the pro-
posals for nonreciprocity is based on the inherent non-
trivial topology in whispering-gallery-mode (WGM) op-
tomechanical system [16], where the effective optome-
chanical coupling is enhanced in one direction and sup-
pressed in the other one by optically pumping the ring
resonator. But the enhanced effective optomechanical
coupling is a simple bilinear interaction, which can not
be used to manipulate the statistic properties of the non-
reciprocal transport photons. Fortunately, Xie et al. pro-
posed to generate strong quadratic (nonlinear) optome-
chanical coupling by a strong driving optical field, and
the appearance of strong photon antibunching was pre-
dicted in a quadratically coupled optomechanical system
under single-photon weak coupling conditions [37].
Motivated by the pioneering work on nonreciprocal
quantum effects [2], we propose to manipulate the statis-
tic properties of the nonreciprocal transport photons in
a WGM optomechanical system [16] with quadratic op-
tomechanical interactions [37]. Employing a similar idea
given in Refs. [38–41], quadratic optomechanical inter-
actions can be generated in the normal optical modes
of a WGM optomechanical system by eliminating the
linear optomechanical couplings via anticrossing of dif-
ferent modes. We demonstrate that quadratic optome-
chanical interactions can not only induce nonreciprocal
photon transport, but also manipulate the statistic prop-
erties of the nonreciprocal transport photons. For exam-
ple, photon blockade with high transmission coefficient
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FIG. 1. (Color online) (a) and (b) Schematic diagram for
generating quadratic optomechanical coupling, where a me-
chanical nanostring oscillator is placed between two whisper-
ing gallery mode (WGM) resonators. (c) and (d) Dispersion
of the optical modes as a function of the displacement.
can be observed when the photons transport in one di-
rection but not the other. WGM optomechanical sys-
tems with quadratic optomechanical interactions can be
used to design nonreciprocal single-photon devices in in-
tegrated photonic chips.
The remainder of this paper is organized as follows. In
Sec. II, we propose an system consisting of two whisper-
ing gallery mode (WGM) resonators quadratically cou-
pling with a common mechanical mode. In Sec. III, the
effective Hamiltonian of an optomechanical system with
quadratic coupling is obtained with one optical mode
driven by a strong external field. In Sec. IV, we show
that the optomechanical system with quadratic coupling
can be used to realize nonreciprocal photon blockade. Fi-
nally, the main results are summarized in Sec. V.
II. QUADRATIC OPTOMECHANICAL
COUPLING
One of the most major ingredients in optomechanical
system is that the resonance frequency of a cavity mode
is dependent on the position of a mechanical mode. It
is well known that the cavity frequency of a WGM op-
tomechanical system is almost linearly proportional to
the the mechanical position [42], even though the effects
of quadratic optomechanical coupling have also been ob-
served in experiments [43, 44]. In this section we will
show how to generate a quadratic optomechanical cou-
pling as the dominant coupling in the situation when the
linear optomechanical coupling vanishes.
As shown in Fig. 1(a) and 1(b), the setup we con-
sider here consists of one mechanical resonator optome-
chanical coupling to two optical resonators (j = 1, 2)
via the optical evanescent field, with each optical res-
onator supporting two degenerate clockwise (CW) and
counter-clockwise (CCW) travelling-wave whispering-
galley modes (WGMs). This model can be described by
the optomechanical interaction Hamiltonian
Hom =
∑
j=1,2
∑
λ=cw,ccw
[
ω0 + (−1)j g0q
]
a†j,λaj,λ
+J
(
a1,ccwa
†
2,cw + a1,cwa
†
2,ccw +H.c.
)
+
1
2
ωm
(
q2 + p2
)
, (1)
where aj,λ and a
†
j,λ (j = 1, 2 and λ = cw, ccw) are the
annihilation and creation operators of the optical modes
with frequency ω0; J is the tunneling amplitude between
the optical modes; q and p are the dimensionless dis-
placement and momentum operators of the mechanical
resonator with frequency ωm, and g0 is the linear op-
tomechanical coupling strength between the mechanical
resonator and optical modes. We assume that the op-
tical mode aj,λ is coupled to a waveguide (Port j) with
strength γc, and and the damping rate of mechanical res-
onator q is γm.
Following the approach in Refs. [38–41], where |J | ≫
ωm is assumed such that q can be treated as a quasi-static
variable, the Hamiltonian can be diagonalized as
Hom =
∑
j=L,R
∑
λ=±
ωλ (q) a
†
j,λaj,λ +
1
2
ωm
(
q2 + p2
)
, (2)
in the normal modes basis, aL,± = [Ja1,ccw + (g0q ±√
J2 + (g0q)2)a2,cw]/D± and aR,± = [Ja1,cw + (g0q ±√
J2 + (g0q)2)a2,ccw]/D±, with D
2
± = J
2 + (g0q ±√
J2 + (g0q)2)
2, and eigenfrequencies
ω± (q) = ω0 ±
√
J2 + (g0q)
2
(3)
as shown in Figs. 1(c) and 1(d). Moreover, |J | ≫ g0q
is assumed such that we can Taylor expand the eigenfre-
quencies as
ω± (q) ≈ ω± ± g
2
0
2J
q2 (4)
with frequencies ω± ≡ ω± (0) = ω0 ± J , and the
quasi-static Hamiltonian, with quadratic optomechani-
cal coupling g ≡ g20/(2J) between the mechanical res-
onator and quasi-static normal optical modes, aL,± ≈
(a1,ccw ± a2,cw) /
√
2 and aR,± ≈ (a1,cw ± a2,ccw) /
√
2, is
given approximately by
Hom ≈
(
ω+ + gq
2
) (
a†L,+aL,+ + a
†
R,+aR,+
)
+
(
ω− − gq2
) (
a†L,−aL,− + a
†
R,−aR,−
)
+
1
2
ωm
(
q2 + p2
)
. (5)
3As already shown in the experiment [41], when the
the tunneling amplitude between the optical modes J
is larger than the optical damping rates γc, the trans-
mission spectrum of a laser probe through the coupled
optical modes features resonance dips at the normal res-
onance frequencies ω±, not at the bare optical resonance
frequencies ω0. That is to say, the normal modes are
coupled to the external waveguides and can be used to
describe the input-output characteristic of the coupled
optical modes system. Specifically, the total loss damp-
ing rate of the normal modes aL/R,± is γc for aR,± ≈
[a1,cw ± a2,ccw) /
√
2, and they are coupled to both the
two ports with strength γc/2, respectively.
III. DIRECTIONAL NONLINEAR
INTERACTION
In this section, we choose either pair of degenerated
quasi-static normal optical modes (aL,+ and aR,+, or
aL,− and aR,−), to generate strong nonlinear interac-
tion for few photons traveling in one direction, but not
in the reverse direction. Without loss of generality, the
two optical modes are denoted as aL and aR, with fre-
quency ωa = ω+ or ω−, for photons travelling from port
1 to port 2 and the opposite direction, respectively. To
enhance the nonlinear optomechanical coupling between
the optical mode aL and the mechanical resonator, the
optical mode aL is pumped by a strong field with am-
plitude Ω ≫ γc and frequency ωL ∼ ωa − 2ωm. In the
rotating reference frame with the optical frequency ωL,
the system can be described by a Hamiltonian as
H =
(
∆a + gq
2
) (
a†LaL + a
†
RaR
)
+
1
2
ωm
(
q2 + p2
)
+Ωa†L + ΩaL, (6)
with detuning ∆a = ωa − ωd.
Under strong driving condition, we perform the dis-
placement transformations: aL → αL + aL, aR →
αR + aR, q → qs + q and p → ps + p, where αL, αR,
qs and ps are the steady state values, and aL, aR, q, and
p (on the right side of the arrow) are the quantum fluctu-
ation operators. The steady state values αL, αR, qs and
ps can be obtained by the equations of motions yielding
αL = −i2Ω/(γc + i2∆a), and αR = qs = ps = 0. The
operators q and p for the mechanical resonator can be
written in terms of phonon creation and annihilation op-
erators as q =
(
b† + b
)
/
√
2, p = i
(
b† − b) /√2, and the
effective Hamiltonian for the quantum fluctuation oper-
ators reads
Heff = ∆aa
†
LaL +∆aa
†
RaR + ωmb
†b
+
g
2
(
|α|2 + a†LaL + a†RaR
) (
b† + b
)2
+
g
2
(
αLa
† + α∗a
) (
b† + b
)2
. (7)
We assume that the optical driving field is strong enough
so the steady state value αL is much larger than the
quantum fluctuation operators a, i.e., |αL|2 ≫ 〈a†LaL〉 ∼
〈a†RaR〉, and the term g(a†LaL + a†RaR)(b† + b)2 in the
above equation can be neglected safely. For ∆a ∼ 2ωm ≫
|gαL|/2, the effective Hamiltonian can be further simpli-
fied by rotating-wave approximation and neglecting the
high frequency terms b2 and ab2 yielding
Heff = ∆a
(
a†LaL + a
†
RaR
)
+ ω′mb
†b
+Ga†Lb
2 +G∗aLb
†2, (8)
where ω′m = ωm + g |α|2 is the effective mechanical
frequency, and G = gαL/2 is the effective nonlinear
coupling strength between the optical and mechanical
modes. Without loss of generality G is assumed to be
real in the following.
To investigate the system’s response behavior to weak
prob fields, a weak field with amplitude ε ≪ γc and fre-
quency ωp ≈ ωa is input from one of the ports. The total
Hamiltonian is given by
Htot = Heff +Hprobe, (9)
where Hprobe describes the probe field. If the probe field
is input from port 1, it can be described by
Hprobe = εe
−iδta†L +H.c., (10)
while if the weak field is input from port 2, it can be
given by
Hprobe = εe
−iδta†R +H.c., (11)
where δ = ωp − ωd is the detuning between the strong
driving and weak probe fields. In the rotating reference
frame with the unitary operator R′ (t) = exp[iδ(a†LaL +
a†RaR + b
†b/2)t], Hprobe becomes time independent, and
the effective Hamiltonian becomes
Heff = ∆a
†
LaL +∆a
†
RaR +∆mb
†b
+Ga†Lb
2 +G∗aLb
†2, (12)
where the detunings ∆ = ∆a−δ and ∆m = ωm+g |α|2−
δ/2 satisfy the condition max {|∆| , |∆m|} ≪ ωm.
According to the input-output relations [45], we have
a1,in = ε/
√
γc/2 and a2,out =
√
γc/2aL (a2,in =
ε/
√
γc/2 and a1,out =
√
γc/2aR), and then the trans-
mission coefficient for the weak probe field can be defined
by
T21 ≡
〈
a†2,outa2,out
〉
〈
a†1,outa1,out
〉 = γ
2
c
4ε
〈
a†LaL
〉
(13)
for photon transport from port 1 to port 2, and
T12 ≡
〈
a†1,outa1,out
〉
〈
a†2,outa2,out
〉 = γ
2
c
4ε
〈
a†RaR
〉
(14)
4for photon transport from port 2 to port 1, where nL ≡〈
a†LaL
〉
and nR ≡
〈
a†Ra
†
R
〉
are the mean photon num-
bers. The isolation for probe field transport from port 1
to port 2 is defined by
I ≡ T12
T12
. (15)
Using the input-output relations: a1,in = ε/
√
γc/2
and a2,out =
√
γc/2aL (a2,in = ε/
√
γc/2 and a1,out =√
γc/2aR), the statistic properties of the transmitted
photons a2,out and a1,out can be described by the second-
order correlation functions in the steady state (t→∞)
g
(2)
21 (τ) ≡
〈
a†2,out (t) a
†
2,out (t+ τ) a2,out (t+ τ) a2,out (t)
〉
〈
a†2,out (t) a2,out (t)
〉2
=
〈
a†L (t) a
†
L (t+ τ) aL (t+ τ) aL (t)
〉
〈
a†L (t) aL (t)
〉2 (16)
for photon transport from port 1 to port 2, and
g
(2)
12 (τ) ≡
〈
a†1,out (t) a
†
1,out (t+ τ) a1,out (t+ τ) a1,out (t)
〉
〈
a†1,out (t) a1,out (t)
〉2
=
〈
a†R (t) a
†
R (t+ τ) aR (t+ τ) aR (t)
〉
〈
a†R (t) aR (t)
〉2 (17)
for photon transport from port 2 to port 1.
In the next section, the transmission coefficients and
correlation functions will be obtained by numerically
solving the master equation for the density matrix ρ of
the system [46]
∂ρ
∂t
= −i [Htot, ρ] + γcL[aL]ρ+ γcL[aR]ρ
+γm (nth + 1)L[b]ρ+ γmnthL[b
†]ρ, (18)
where L[o]ρ = oρo† − (o†oρ+ ρo†o) /2 denotes a Lindb-
land term for an operator o; nth is the mean thermal
phonon number, given by the Bose-Einstein statistics
nth = [exp(~ωm/kBT ) − 1]−1 with the Boltzmann con-
stant kB and the temperature T of the reservoir at the
thermal equilibrium.
IV. NONRECIPROCAL PHOTON BLOCKADE
In Fig. 2(a), we show the transmission coefficients T21
for probe field transport from port 1 to port 2, and T12
for probe field transport from port 2 to port 1. For T21,
there are two peaks at ∆ = ±√2G and one dip at ∆ = 0.
In contrast, there is only one peak at ∆ = 0 for T12.
Figure 2(b) shows the isolation I = T21/T21 for probe
field transport from port 1 to port 2 as a function of the
FIG. 2. (Color online) (a) The transmission coefficients T21
(solid black curve) and T12 (dashed red curve) as a func-
tion of the detuning ∆/G. (b) The isolation as a function
of the detuning ∆/G. (c) The equal-time second-order cor-
relation function log10[g
(2)
ij (0)] (ij = 12, 21) as a function of
the detuning ∆/G. (d) The second-order correlation func-
tion log10[g
(2)
21 (τ )] as a function of the normalized time delay
γcτ/2pi at detuning ∆ =
√
2G. The other parameters are
∆m = ∆/2, G = 3γc, ε = γc/10, γm = γc/100, and nth = 0.
detuning ∆/G. Isolation for the direction 1→ 2 is more
than 17 dB at detuning ∆ = ±√2G, and isolation for the
reverse direction of 2→ 1 is more than 70 dB at detuning
∆ = 0.
To explore the statistic properties of the transmitted
photons, the equal-time second-order correlation func-
tion log10[g
(2)
ij (0)] (ij = 12, 21) is shown as a function of
the detuning ∆/G in Fig. 2(c). The photon transport
from port 2 to port 1 are coherent in full frequency, i.e.,
g
(2)
ij (0) = 1. The photons transport from port 1 to port
2 exhibit strong antibunching effect, i.e., g
(2)
ij (0) ≪ 1,
around the detunings ∆ = ±√2G, and exhibit strong
bunching effect, i.e., g
(2)
ij (0) ≫ 1, around the detunings
∆ = 0 and ±2G. The time duration for nonrecipro-
cal photon blockade at ∆ = ±√2G is on the order of
2pi/(10γc), as shown in Fig. 2(d).
The peak for T12 ≈ 1 at detuning ∆ = 0 can be un-
derstood by the fact that when the probe field is injected
from port 2, only the (linear) optical mode aL can be
excited. Thus the maximum transmission coefficient is
reached for the probe field in resonance with the opti-
cal mode aL, i.e., ∆ = 0, and the transmitted photons
keep the statistic properties of the probe field (a coherent
field), i.e., g
(2)
12 (0) = 1, for there is no nonlinear interac-
tions in the optical path from port 2 to port 1.
In order to understand the origin of the peak for
T21 ≈ 0.8 around the detuning ∆ = ±
√
2G and the
dip for T21 ≈ 10−7 at ∆ = 0, we use the ansatz
that when the probe field input from port 1, the op-
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FIG. 3. (Color online) The schematic energy spectrum of
the linearized quadratically optomechanical coupling between
optical mode aL and mechanical resonator b, given in the non-
coupling basis (left) and in the diagonal basis (right).
tical mode aL and the mechanical mode b will be ex-
cited, so the wave function can be written as |ψ〉 =
C00 |0, 0〉+C10 |1, 0〉+C02 |0, 2〉+ · · · , as shown in Fig. 3
(left). Here, |n,m〉 represents the Fock state with n
photons in aL and m phonons in b. The wave func-
tion can also be written in the diagonal basis as |ψ〉 =
C0 |00〉+C1+ |2+1〉+C1− |2−1〉+ · · · , as shown in Fig. 3
(right). Under weak probe condition, the maximum
transmission coefficient T21 ≈ 0.8 is reached for the probe
field in resonance with the transition |00〉 → |2±1〉, i.e.,
∆ = ±√2G. However, the photons absorbed in the tran-
sition |00〉 → |2±1〉 blocks the transition |2±1〉 → |4±1〉
for large detuning, so we have g
(2)
12 (0) ≪ 1 around the
detuning ∆ = ±√2G. The dip for T21 ≈ 10−7 at ∆ = 0
arises from the quantum interference between the transi-
tions |2+1〉 → |00〉 and |2−1〉 → |00〉, in an equivalent pic-
ture as optomechanically induced transparency [47–49],
or electromagnetically induced transparency in lambda-
type three-level atoms [50, 51]. Moreover, when ∆ = 0,
the transition |00〉 → |2±1〉 is suppressed, but the two-
photon transition |00〉 → |40〉 is resonant, which in-
duces two-photon tunneling form port 1 to point 2, i.e.,
g
(2)
21 (0) ≫ 1. Similarly, g(2)21 (0) ≫ 1 around ∆ = ±2G is
induced by the resonant transition |00〉 → |4±〉.
Before the end of this section, we discuss the effect
of thermal phonons on the nonreciprocal photon block-
ade. Figures 4(a) and 4(c) show the transmission coef-
ficient T21 and the equal-time second-order correlation
function log10[g
(2)
21 (0)] versus the detuning ∆/G with dif-
ferent mean thermal phonon number (nth = 0, 0.1, 1).
Thermal phonons have little influence on the transmis-
sion coefficient T21 around ∆ = ±
√
2G, but have great
effect on the transmission coefficient T21 around ∆ = 0
G6 !
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FIG. 4. (Color online) (a) The transmission coefficient
T21 and (c) the equal-time second-order correlation function
log10[g
(2)
21 (0)] versus the detuning ∆/G with different mean
thermal phonon number (nth = 0, 0.1, 1). (b) The isolation
T21/T12 and (d) the equal-time second-order correlation func-
tion log10[g
(2)
21 (0)] versus the mean thermal phonon number
nth with different detuning (∆ = 0,
√
2G,
√
6G). The other
parameters are the same as in Fig. 2.
and ±√6G. Thermal phonons have little influence on the
second-order correlation function log10[g
(2)
21 (0)] around
∆ = ±√6G, but have great effect on the second-order
correlation function log10[g
(2)
21 (0)] around ∆ = 0 and
±√2G.
The relation of the isolation T21/T12 and the second-
order correlation function log10[g
(2)
21 (0)] on the mean ther-
mal phonon number nth are shown in Fig. 4(b) and 4(d)
with detuning ∆ = 0,
√
2G,
√
6G. The isolation T21/T12
around ∆ =
√
2G is robust against the thermal phonons,
but the antibunching effect of the transport photons be-
come much weaker for greater thermal phonons. Both
the isolation T21/T12 and second-order correlation func-
tion log10[g
(2)
21 (0)] around ∆ = 0 are sensitive to the mean
thermal phonon number nth, and this quality may be
used in accurate temperature measurement at ultra-low
temperature. More interestingly, a peak appears around
∆ = ±√6G in the transmission coefficient T21, and the
isolation T21/T12 can be improved with a larger ther-
mal phonon number nth. This abnormal effect is induced
by the phonon states, e.g., |10〉 in Fig. 3(right). As the
temperature increases, the population probability in |10〉
increases, and the transitions of |10〉 → |3±1〉 with res-
onance frequency ∆ = ±√6G become remarkable grad-
ually, which induces the increasing peaks of the trans-
mission coefficient T21 (or the isolation T21/T12) around
∆ = ±√6G.
Finally, let us discuss the experimental feasibility of
our proposal. In order to the photon correlation induced
6by the weak probe field, we should spectrally filter out
the strong optical driving field at ∆ = ∆a under the con-
dition ∆a ≫ {γc, G}, which has already been realized
in a recent experiment [52]. Another important condi-
tion required to observe nonreciprocal photon blockade in
quadratical coupled optomechanical systems is the well-
resolved sideband limit, i.e., ωm ≫ γc. This requirement
may be reached for a high frequency graphene sheet sus-
pended on WGM microcavities [53] or photonic-crystal
microcavities [54].
V. CONCLUSIONS
In summary, nonreciprocal photon blockade can be re-
alized by directional nonlinear interactions. We have
demonstrated this principle in an optomechanical system
with quadratic optomechanical coupling. We explicitly
show how quadratic optomechanical couplings between
two WGM modes and one mechanical mode are gener-
ated when the linear optomechanical couplings vanishes
in the normal optical modes. A quadratic optomechan-
ical system with WGMs has been used to demonstrate
nonreciprocal photon blockade. By optically pumping
the WGM in one direction, the effective quadratic op-
tomechanical coupling is only enhanced in that direc-
tion, and consequently, the system exhibits nonreciprocal
photon blockade. Moreover, the thermal phonons have
important influence on the nonreciprocal photon block-
ade, especially on the statistic properties of the transport
photons. Our proposal can have an application to uni-
directional single-photon sources, unidirectional single-
photon routers, single-photon isolators and circulators.
This work can also be extended to study phonon manip-
ulation in double-cavity optomechanics, e.g., nonrecipro-
cal phonon blockade, nonreciprocal phonon laser [55–59],
nonreciprocal photon-phonon entanglement and quan-
tum transfer, etc.
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